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Abstract

Nowadays Electric Vehicles (EVs) attract people’s attention as means of an environmental problem.
However, EVs have disadvantages of their short cruising range. Therefore, our group has proposed
Range Extension Autonomous Driving (READ) system which minimizes the consumption energy by
optimizing the velocity profile. This paper proposes the method for reduction of maximum jerk from
the point of view of READ in straight driving to achieve comfortable one and reduction of consumption
energy. The effectiveness of the proposed method is verified by simulations and experiments. In addition,
the relationship between maximum jerk constraint and eco driving is revealed.
Keywords: autonomous, energy consumption, optimization, range.

1 Introduction
The climate change caused by artificial factor like global warming is considered a social problem these
days. As means of alleviating the effect, Electric Vehicles (EVs) using electric motor instead of internal
combustion engines (ICEs) catch the great people’s attention. Compared with ICEVs, EVs have many
advantages thanks to motors characteristics [1].

1. Torque generation of a motor is much faster than that of an engine (several milliseconds vs. several
hundred milliseconds).

2. Motor torque can be estimated precisely from the current.

3. For EVs with in-wheel motors, each wheel can be controlled independently.

4. Motors not only can be used for driving, but also for regenerative braking.

On the other hand, there is a disadvantage that EVs have short cruising range. Especially for consumers,
long cruising range is one of great factors that motivate them to purchase a EV [2], so that range improve-
ment is a large problem to be solved and a lot of studies have been conducted for range extension. For
instance, new power train that includes Snubber Assisted Zero voltage Zero current transition (SAZZ)
chopper between the battery and the inverter to control dc link voltage is proposed to reduce energy
consumption from the viewpoint of EVs’ hardware [3]. In addition, wireless power transfer to the EVs’
body while driving[4, 5, 6], and simple magnetic circuit of interior permanent magnet synchronous motor
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Figure 1: Large jerk generated by discontinuous velocity
obtained by the conventional optimization method.

Figure 2: Experimental vehicle (FPEV2-Kanon).

Table 1: Vehicle specification.

Vehicle mass M 854 kg
Wheelbase l 1.715 m

Distance from the center of gravity lf :1.013 m
to the front and rear axles lf ,lr lr:0.702 m

Height of the center of gravity hg 0.51 m
Front wheel inertia Jωf

1.24 kg·m2

Rear wheel inertia Jωr 1.26 kg·m2

Wheel radius r 0.302 m

using permeance method to minimize energy loss through design of motor parameters [7] have also been
researched. From the viewpoint of software, there are studies for range extension by considering stop
and go of EVs to generate optimal velocity trajectory[8], by considering signal information and traffic
congestion [9, 10], by searching optimal route[11], by optimally distributing driving force[12, 13], and
by simultaneously optimizing the speed trajectory generation and driving force distribution[14, 15].
In our previous study [15], the optimized deceleration trajectory has large jerk because the driving force
enters stepwise at the optimization starting point as shown in Fig.1. However, there is no research
achieving good balance between consumption energy and maximum jerk although the ride comfort is
deeply related to the jerk. Therefore, this paper proposes the method of range extension autonomous
driving considering maximum jerk constraint. Dynamic programming, which is frequently employed in
the eco driving of the railway field is used [17]. The effectiveness of the proposed method is verified
by simulations and experiments. In addition, the relationship between maximum jerk constraint and eco
driving is revealed.

2 Vehicle Model
Fig.2 shows an experimental vehicle, FPEV2-Kanon, manufactured by our research group. The fea-
ture of this vehicle is that it has four in-wheel motor which can be controlled independently. Vehicle
specifications are shown in Tab.1.

2.1 Vehicle Longitudinal Dynamic Model
In straight driving, left and right motors generate the same amount of torque. In addition, torque is
equally distributed to front and rear motors. The rotational motion equation of each wheel, the vehicle
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equation of motion, and total braking / driving force are given as

Jwj ẇj = Tj − rFj , (1)

MV̇ = Fall − sgn(V )FDR, (2)

Fj =
1

4
Fall, (3)

where j is the subscript of each wheel, Jωj is the wheel inertia, ωj is the wheel angular velocity, Tj is
the motor torque, r is the wheel radius, Fj is the braking / driving force, M is the vehicle mass, V is the
vehicle velocity, Fall is the total braking / driving force, sgn(V ) is the signum function and if V > 0, it
equals one, otherwise it equals zero. Here FDR is the driving resistance and expressed as

FDR(V ) = µ0Mg + b|V |+ 1

2
ρCdAV

2, (4)

where µ0 is the rolling friction coefficient, g is the gravitational acceleration, b is the factor proportional
to V , ρ is the air density, Cd is the drag coefficient, and A is frontal projected area.

2.2 Tire Model
The slip ratio λj is given as

λj =
Vωj − V

max(Vωj , V, ϵ)
, (5)

where Vωj is the wheel velocity and ϵ is a positive constant close to zero to avoid division by zero. It is
known that the slip ratio λ is related with the friction coefficient µ as shown in Fig.3. In the region of
|λ| << 1, µ is nearly proportional to λ. When the driving stiffness Ds

′ is defined as the slope of the
curve, the braking / driving force of each wheel is given as

Fj = µjNj ≃ Ds
′Njλj , (6)

where Nj is the normal force of each wheel. When driving at V and Fall, Nf and Nr are respectively
calculated as

Nf (V, Fall) =
1

2

[
lr
l
Mg − hg

l
{Fall − sgn(V )FDR(V )}

]
, (7)

Nr(V, Fall) =
1

2

[
lf
l
Mg +

hg
l
{Fall − sgn(V )FDR(V )}

]
, (8)

where lf and lr are respectively the distance from the center of gravity to front and rear axles, l is the
wheelbase, and hg is the height of the center of gravity.

2.3 Inverter Input Power Model
In this subsection, the inverter input power is modeled. By neglecting the mechanical loss of the motor
and the inverter loss, the inverter input power Pin is described as

Pin = Pout + Pc + Pi, (9)

where Pout is the sum of the mechanical outputs of each motor, Pc is the sum of the copper losses of
each motor, and Pi is the sum of the iron losses of each motor[16].
Suppose that the torque caused by the wheel inertia and slip ratio λj are small enough. Then the motor
torque Tj and the wheel angular velocity ωj are given as (10)–(11) from (1)–(5) respectively.

Tj ≃ rFj , (10)

ωj ≃ V

r
(1 + λj). (11)
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Figure 3: µ-λ curve.
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Figure 4: Equivalent circuits of PMSM.

Therefore, Pout is calculated as (12) from (6), (10) and (11).

Pout = 2
∑
j=f,r

ωjTj

≃ 1

2
V Fall

∑
j=f,r

(
1 +

Fall

4Ds
′Nj(V, Fall)

)
. (12)

In the modeling of the copper loss Pc, the iron loss resistance is neglected for simplicity. Suppose that the
magnet torque and the q-axis current are much larger than the reluctance torque and the d-axis current,
respectively. Then, the sum of the copper losses Pc is given as

Pc = 2
∑
j=f,r

Rjiqj
2

≃ r2

8
Fall

2
∑
j=f,r

Rj

Ktj
2 , (13)

where Rj is the armature winding resistance of the motor, iqj is the q-axis current, and Ktj is the torque
coefficient of the motor.
Next, the iron loss is modeled with the basis on the well-known equivalent circuit model. Fig.4 shows
the d and q-axis equivalent circuits of the permanent magnetic synchronous motor. From Fig.4, the sum
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of the iron losses Pi is expressed as

Pi = 2
∑
j=f,r

vodj
2 + voqj

2

Rcj

= 2
∑
j=f,r

ωej
2

Rcj

{
(Ldjiodj +Ψj)

2 + (Lqjioqj)
2
}

≃ 2
V 2

r2

∑
j=f,r

Pnj
2

Rcj

{(
rLqjFall

4Ktj

)2

+Ψj
2

}
, (14)

where vodj and voqj are respectively the d− and q-axes induced voltages, Rcj is the equivalent iron loss
resistance, ωej is the electrical angular velocity of each motor, Ldj is the d-axis inductance, Lqj is the
q-axis inductance, iodj and ioqj are respectively the differences between the d and q-axis currents and
the d and q-axis components of the iron loss current, Pnj is the number of pole pairs, and Ψj is the
interlinkage magnetic flux. The equivalent iron loss resistance Rcj is described as

1

Rcj(ωej)
=

1

Rc0j
+

1

Rc1j
′|ωej |

. (15)

In (15), the first and second terms of right hand side are respectively the eddy current loss and the
hysteresis loss.
Thus, the inverter input power Pin is represented as (16) as a function of V and Fall from (12), (13), and
(14)

Pin(V, Fall) = Pout(V, Fall) + Pc(Fall) + Pi(V, Fall) (16)

3 Range Extension Autonomous Driving Considering Maximum Jerk Con-
straint

3.1 Formulation of Optimization Problem
In this subsection, problem formulation assuming deceleration in straight driving is conducted. The
optimization problem considering maximum jerk constraint is expressed as (17)–(25).

min. Win =

∫ tf

t0

Pin(x(t), u(t))dt, (17)

s.t. ẋ = f(x(t), u(t)), (18)

x(t0)− x0 =

[
V (t0)− V0

X(t0)−X0

]
= 0, (19)

x(tf )− xf =

[
V (tf )− Vf

X(tf )−Xf

]
= 0, (20)

jx(t) =
d2

dt2
V (t) ≤ jxmax . (21)

Here,

x(t) =

[
V (t)
X(t)

]
, (22)

u(t) = Fall(t), (23)

f(x(t), u(t)) =

[
1
M (Fall(t)− sgn(V )FDR(V ))

V (t)

]
, (24)
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where Win is the consumption energy, x is the state variable, u is the control variable, t0 is the initial
time, tf is the final time, X is the position, x0 is the initial condition, xf is the final condition, jx is the
jerk, and jxmax is the allowable maximum jerk.
From the above optimization problem, the optimal velocity trajectory is derived by employing dynamic
programming which is used in the railway field [17]. Dynamic programming has the feature that global
solution is obtained by discretizing the state space and calculating in reverse from end point to starting
point. However, it is impossible to consider the jerk at the beginning of optimization due to this feature.
Therefore, it is necessary to introduce additional acceleration constraint depending on the velocity as
shown in (25) in order to derive a solution that satisfies the maximum jerk constraint at the starting point.

A(V ) ≤
√
2jxmax(|V − V0|). (25)

(25) is obtained by (26)–(27).

A = jxmaxt, (26)

V = V0 +
1

2
jxmaxt

2. (27)

That is, A(V ) is the acceleration when decelerating at a maximum deceleration from a initial velocity.

3.2 Dynamic Programmin
Dynamic programming is the method of practical full search of time, speed, and distance. Therefore,
global optimal solution can always be obtained. However, traveling time is regarded as a free parameter
to reduce computation cost in this paper by introducing discrete time-distance transformation given as in
(28) so that three-dimensional search becomes two-dimensional search.

∆x =
V (m) + V (m+ 1)

2
∆t, (28)

where ∆x is a constant distance and ∆t is a variable traveling time between two adjacent nodes, and
V (m) is a velocity at the position m∆x.
The algorithm of dynamic programming is as follows.

1. The state space of position and velocity is divided for each ∆x and ∆v.

2. Solve the equation of motion with respect to each node in mth row from one in m− 1th row, and
obtain the partial evaluation value (consumption energy during ∆x) at that time.

3. If either one of the jerk constraint or the acceleration constraint is not satisfied between the nodes,
make the partial evaluation value ∞.

4. Find the sum of the evaluation value at the node in the mth row and the partial evaluation value
obtained in step.2.

5. Select the node backward from the last column so that the evaluation value becomes the minimum.

6. Repeat from step.1 to step.5 until reaching the initial point.

7. The optimal velocity trajectory is obtained by starting the search from the initial point.

In this paper, because the aim is to obtain the optimum deceleration trajectory with no gradient and
turning, the equation of motion between neighboring nodes becomes equal in every row. Therefore, in
order to reduce the calculation cost, the equation of motion in (2) is not solved over the entire state space
but only in two adjacent rows.

4 Simulations
The simulation is conducted with multiple maximum jerk constraints to verify the proposed method. In
this study, five cases when the maximum jerk constraint is the minimum, 0.5, 1.0, 1.5, and nothing. The
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Table 2: Simulation condition.

Travel distance Xf −X0 40 m
Initial velocity V0 30 km/h
Final velocity Vf 0 km/h

velocity trajectory at the time of the minimum “maximum jerk constraint” is obtained from the (29)-(31)
to consider minimization of the ∞ norm of jerk.

jxmin =
V 3
0

X2
, (29)

tf =
2X

V0
, (30)

V (t) =

{−jxmin
2 t2 + V0 (0 ≤ t ≤ tf

2 )
jxmin

2 t2 − jxmintf t+ V0 +
jxmin

4 t2f (
tf
2 ≤ t ≤ tf )

. (31)

Here, Vf = 0．Tab.2 shows the simulation conditions. Fig.5 shows the simulation results. From Fig.5(a),
it can be seen that the traveling time tends to decrease as the maximum jerk constraint is smaller. This is
because the deceleration in the vicinity of the initial point is small although the traveling distance is con-
stant. Also, it is obvious from Fig.5(c) that the jerk that occurs when there is no maximum jerk constraint
(green line) makes people uncomfortable. On the other hand, all the velocity trajectory obtained by the
proposed method suppress the maximum jerk. Fig.5(e) shows the relationship between the regenerative
energy and inverse of the maximum jerk constraint. The maximum jerk constraint is larger at the left
point. The result of no maximum jerk constraint is plotting where the horizontal axis is zero because the
maximum jerk constraint is considered as ∞. The amounts of regenerative energy are 21.05 kWs when
jx = 0.36, 21.51 kWs when jx = 0.5, 22.05 kWs when jx = 1.0, 22.24 kWs when jx = 1.5, 22.45 kWs
when there is no constraint. Moreover, the ride comfort and energy are in a trade-off relationship, and it
is presumed that they are represented by a linear function.
In order to analyze the effect of maximum jerk constraint on the energy, the mechanical output Pout is
separated as: the power stored as the kinetic energy of the vehicle mass PM, the total power stored as the
rotational energy of each wheel PJ, the power of driving resistance PDR, the total power of the slip of
each wheel PS. These are expressed as (32)–(35).

PM =
d

dt

(
1

2
MV 2

)
, (32)

PJ = 2
d

dt

∑
j=f,r

(
1

2
Jωjω

2
j

)
, (33)

PDR = FDRV , (34)

PS =
1

2
FallV

∑
j=f,r

λj . (35)

These work of Wx are expressed as the integral of the power Px. Here, x are M, J,DR,S. In this paper,
PM and PJ always take the same value regardless of the maximum jerk constraint because the initial
velocity V0 and the final velocity Vf do not change. Therefore, in order to analyze the effect　 on energy
by changing maximum jerk constraint, four losses of WDR, WS, Wc and Wi are calculated. Fig.5(f)
shows the results of the loss separation. Reducing the maximum jerk constraint in order to emphasize
ride comfort will increase every energy. When comparing the loss considering only the ride comfort
with the loss not considering it, WDR, WS, Wc and Wi increase by 9.15%, 22.3%, 66.6% and 6.47%
respectively. From this, the increase of Wc is remarkable. Then WS also increased drastically, but the
effect on the whole energy is small because the value is small.

5 Experiments
The experiments are conducted under the same condition as simulations. Fig.6 shows the experimental
results. They are the same trend as the simulation results. However, the braking force in the vicinity of
t = 0 s in the case of no maximum jerk constraint is greatly different from the simulation result. This is
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Figure 5: Simulation results.

because PI controller is used for velocity control, but its pole is set to -5 rad/s and the pole is slow. And
also, the amount of regenerative energy is larger than that of simulations. This is thought to be an error
caused by adjusting motor parameters on the power running side instead of the regenerative side. The
amounts of regenerative energy are 19.43 kWs when jx = 0.36, 20.54 kWs when jx = 0.5, 21.71 kWs
when jx = 1.0, 22.18 kWs when jx = 1.5 kWs, 23.97 kWs when there is no constraint. Experimental
results also show that the ride comfort and energy are in a trade-off relationship, and it is presumed that
they are represented by a linear function.

6 Conclusion
In this paper, we propose Range Extension Autonomous Driving Considering Maximum Jerk Constraint.
This method models the motion and energy of vehicle, and generates optimal velocity trajectory by
solving optimization problem to realize eco driving in autonomous one. 　 By considering not only
energy but also ride comfort at the same time, we showed quantitatively that how ride comfort affects the
energy. If the deterioration of ride comfort is allowed, the regenerative energy increases by up to 14.2%
in the experiments compared with minimum “maximum jerk constraint”. Also, we showed that the most
affected energy is copper loss and it increases by up to 66.6% when considering ride comfort. As the
future work, improvement of the algorithm is necessary to make it applicable even when turning and the
situation where other cars exist.
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Figure 6: Experimental results of field test.
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