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Abstract

The increased unsprung mass caused by the in-wheel motor influences the ride performance of the vehi-
cle. In order to reduce the impact, passive suspension components such as inerter and relaxation spring
can be introduced. A linear quarter-car model is used to represent the vehicle corner. The suspension
architectures featuring inerter and/or relaxation spring are compared with conventional passive suspen-
sion by considering three performance indices. The suspension performance indices, namely, discomfort
index, road holding index, and working space index are derived analytically. It is proven that the sus-
pension architectures with inerter and/or relaxation spring provide improved performance when they are
arranged in specific layouts.

Keywords: wheel hub motor, EV (electric vehicle), vehicle performance, modeling.

1 Introduction
An electric vehicle powertrain with in-wheel motors offers improved efficiency and compact packing
layout. A wide variety of solutions such as Michelin Active Wheel, e-Traction TheWheel, and Protean
Drive [1, 2, 3, 4] are available on the market for both passenger cars and commercial vehicles. However,
the shortcomings due to the increased unsprung mass are non-negligible [5]. Based on the sensitivity
analysis presented in [6], the increase of unsprung mass has a negative influence on the suspension dy-
namic behaviour.

Recent studies including the lightweight design of in-wheel motors [7], isolation of motor vibration [8],
and active suspension [9] have evaluated the possibilities of reducing the impact of increased unsprung
mass. Besides, the addition of passive suspension components such as inerter [10] and relaxation spring
[11] has proven to give significant improvements over the conventional suspension layout [12, 13]. The
focus of this paper is to analytically derive the inerter and relaxation spring parameters to achieve perfor-
mance benefits. Six suspension architectures having inerter and relaxation spring in different layouts are
considered for the study. The dynamic performance of the suspension architectures is evaluated using
three indices, namely, discomfort index, road holding index, and working space index. Starting from
the analytical expressions of the performance indices, a comparison is made using a reference electric
vehicle parameters. The analytical derivations of the performance indices provide an effective way to
define the inerter equivalent mass and relaxation spring stiffness for improving the suspension dynamic
behaviour.

The paper is organised as follows. Section 2 presents the six suspension architectures featuring inerter
and relaxation springs along with the conventional suspension components. The analytical expressions
of the performance indices are derived and presented. In Section 3, the suspension architectures are
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compared analytically and the values of inerter equivalent mass and relaxation spring stiffness which
improves the dynamic behaviours of in-wheel motor electric vehicle are derived.

2 System model

2.1 Quarter-car model and suspension architectures
The linear two-degree-of-freedom quarter-car model shown in Fig.1 includes the unsprung mass (m1),
the sprung mass (m2), the tire radial stiffness (k1), the external road excitation in the vertical direction
(r), and the suspension strut. Even if the linear quarter-car model does not represent the full vehicle and
does not include the non-linear properties of the suspension components, it contains the basic features of
the real problem [14]. The assumption that the tyre is in contact with the ground is also not always true
[15]. However, the quarter car model can effectively be used in the early design optimisation to obtain
the preliminary results.

The conventional suspension strut S1, shown in Fig.2, has a parallel connected spring and damper. The
other five suspension architectures with different arrangement of the inerter and/or relaxation spring are
named as S2 to S6 [16]. The suspension spring stiffness, damping ratio, inerter equivalent mass, and
relaxation spring stiffness are noted as k2, r2, me and k3, respectively.

Figure 1: Quarter-car model Figure 2: Suspension strut architectures

2.2 Analytical derivation of performance indices
The generic equations of motion of the quarter-car model can be written as

m1s
2X1 + k1(X1 −R)− sY (s)(X2 −X1) = 0

m2s
2X2 + sY (s)(X2 −X1) = 0 (1)

The performance indices of suspension architectures can be modelled by substituting their mechanical
admittance Y (s) in (1). X1 and X2 are the Laplace forms of the vertical displacement of the unsprung
mass (x1) and the sprung mass (x2) respectively. The parameter R represents the Laplace form of the
vertical excitation due to the road irregularity r, which is defined by a single slope power spectral density
(PSD) [6].

The vehicle body vertical acceleration (ẍ2), the dynamic tire load (Fz), and the relative displacement be-
tween wheel and vehicle body (x2 − x1) can be derived from the equations of motion (1). The variances
of such quantities are considered as the performance indices which are named discomfort index (σ2ẍ2

),
road holding index (σ2Fz

), and working space index (σ2x2−x1
), respectively. The analytical expressions of

the performance indices for all the architectures are presented in Appendix A.

EVS30 International Battery, Hybrid and Fuel Cell Electric Vehicle Symposium2 2



3 Comparative analysis of suspension architectures
The performance of suspension architectures with inerter and/or relaxation spring are compared with
that of the conventional suspension S1. The difference is evaluated by subtracting the corresponding
performance indices, which are σ2ẍ2,Si

− σ2ẍ2,S1
for discomfort index, σ2Fz ,Si

− σ2Fz ,S1
for road holding

index, and σ2x2−x1,Si
− σ2x2−x1,S1

for working space index. Optimum values of the inerter equivalent
mass (me) and relaxation spring stiffness (k3) are defined as functions of the vehicle parameters (m1,
m2, k1, k2, r2). While comparing the suspensions architectures, the vehicle parameters are assumed to
be fixed and the values of me and k3 are varied to get improved performances. The parameters of a
prototype electric vehicle driven by in-wheel motors are listed in Tab.1, together with the road roughness
parameter (Ab) and vehicle velocity (v) [17]. The architecture S3 will not be analysed in detail, since the
inerter in S3 does not provide any performance improvement over S1 as analysed in [12].

Table 1: Data of the reference electric vehicle [17] and driving condition.

Parameter Unit Value
m1 kg 38
m2 kg 202
k1 N/m 200000
k2 N/m 22366
r2 N s/m 1627
Ab m 1.4e-5
v m/s 20

3.1 Comparison of S2 and S4 with S1
The architectures S2 and S4 have the inerter and relaxation spring in series with the damper respectively.
The results show that the S2 improves road holding index, but worsens working space index. The differ-
ence in discomfort index is negligible. The architecture S4 improves the discomfort index, but the road
holding index and working space index are worsened.

3.1.1 Difference in discomfort index
Based on the expressions of performance indices, the difference in discomfort index between the archi-
tecture S2 and S1 is derived as

σ2ẍ2,S2 − σ2ẍ2,S1 =
Abvk1k2r2(k2 + 2k3)

2k23m
2
2

(2)

It can be seen from (2) that the difference is greater than zero for any positive value of k3, which means
that the S1 is always better than S2 on discomfort index. For the reference vehicle parameters and the k3
corresponding to the maximum benefit on road holding index, the discomfort index is 12% worse.

Similarly, the difference in discomfort index between the architecture S4 and S1 is derived as

σ2ẍ2,S4 − σ2ẍ2,S1 =
Abvk2r2

(
k1m

2
2 + k2(m1 +m2)

2 − 2k1me(m1 +m2)
)

2k1m2
2m

2
e

. (3)

However, it is not straight forward to judge if the architecture S4 has better performance than S1 from
(3). Therefore, the difference in discomfort index is presented as me varies in Fig.3(a) considering the
parameters of the reference vehicle. It can be observed that S4 performs better than S1 on discomfort
index when

me >
k1m

2
2 + k2(m1 +m2)

2

2k1(m1 +m2)
(4)

There exist a value of me that corresponds to the largest difference between S1 and S4. By using this
equivalent mass (m∗

e,minDC,S4 in the Fig.3(a)) for the inerter, the architecture S4 can achieve the maxi-
mum benefit on discomfort index (11%) .

m∗
e,minDC,S4 =

k1m
2
2 + k2(m1 +m2)

2

k1(m1 +m2)
(5)
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3.1.2 Difference in road holding index
The difference in road holding index between the architecture S2 and S1 is derived as

σ2Fz ,S2 − σ2Fz ,S1 =
Abvk1r2

(
k1m2d1 − k1k3m2d2 + k22d

2
3 + 2k2k3d

2
3

)
2k23m

2
2

. (6)

where

d1 = k1m2 − 2k2m1 − k2m2

d2 = 2m1 +m2

d3 = m1 +m2 (7)

Further analysis indicates that the relaxation spring in S2 gives better road holding index than S1 when

k3 >
k1m2(k1m2 − 2k2m1 − k2m2) + k22(m1 +m2)

2

k1m2(2m1 +m2)− 2k2(m1 +m2)2
. (8)

The difference in road holding index is plotted in Fig.3(b) and the maximum difference (9%) is observed
at

k∗3,minRH,S2 =
2
(
k1m2(k1m2 − 2k2m1 − k2m2) + k2(m1 +m2)

2
)

k1m2(m2 − 2m1)− 2k2(m1 +m2)2
(9)
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k3 (N/m) #105

1 2 3 4 5

(<
2 F

z
;S

2
!
<

2 F
z
;S

1
)=
<

2 F
z
r;

S
1

-0.1

0

0.1

0.2

0.3

0.4

S1 better than S2

S2 better than S1

S1 same as S2

S2 have most benefit

k3
∗
,minRH,S2 

(b) Difference in road holding index between S2 and S1

Figure 3: Comparison of S2 and S4 with S1

The difference between S4 and S1 in road holding index is shown in (10).

σ2Fz ,S4 − σ2Fz ,S1 =
Abvr2

(
k21d4 − k1k2d5 − 2k1k2med

3
3 + k22d

4
3

)
2k1m2

2m
2
e

(10)

where

d4 = m1m2(m1m2 + 2m1me + 2m2me)

d5 = 2m3
1m2 + 3m2

1m
2
2 −m4

2

The difference is always greater than zero for any positive value of me, which means the S4 is always
worse than S1 on road holding index. For the reference vehicle and the me corresponding to the maxi-
mum benefit on discomfort index, the road index holding is 6% worse.
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3.1.3 Difference in working space index
The difference between S2 and S1 in working space index is derived as shown in (11). The difference is
always positive for any positive value of k3, which means architecture S2 does not perform better than
S1 on working space index (2% difference is observed considering the reference vehicle and k3 value
given in (9) that corresponds to the maximum benefit on road holding index).

σ2x2−x1,S2 − σ2x2−x1,S1 =
Abvk1r2

2k23
(11)

Similarly, the difference between S4 and S1 on working space index is shown in (12). The difference is
positive for any positive value of me. The architecture S4 gives reduced performance on working space
index over S1 (60% difference is observed considering the reference vehicle and me value given in (5)
that corresponds to the maximum benefit of discomfort index).

σ2x2−x1,S4 − σ2x2−x1,S1 =
Abvr2

(
k1m

2
2 + k2(m1 +m2)

2
)

2k1k2m2
e

(12)

3.2 Comparison of S5 and S6 with S1
The architectures S5 and S6 have both the inerter and relaxation spring arranged in different ways,
as shown in Fig.2. Similar to the comparison made in Section 3.1, the architectures S5 and S6 are
compared against S1 and the differences are derived analytically. But the analytical expressions are not
given in the paper considering their complexity. It has been observed that the architecture S5 provides
better performance in all the three performance indices compared to S1, while the S6 can improve only
discomfort index and road holding index.

3.2.1 Difference in discomfort index
The difference in discomfort index considering the reference vehicle parameters is plotted in Fig.4. Same
as the previous subsections, the region in blue represents the positive difference, which means S1 has
better performance than S5 and S6. On the contrary, the region in orange gives the values of k3 and me
where S1 performs worse than S5 and S6.

(a) Difference in discomfort index between S5 and S1 (b) Difference in discomfort index between S6 and S1

Figure 4: Difference in discomfort index

3.2.2 Difference in road holding index
Similarly, the difference in road holding index considering the reference vehicle parameters is plotted in
Fig.5.
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(a) Difference in road holding index between S5 and S1 (b) Difference in road holding index between S6 and S1

Figure 5: Difference in road holding index

3.2.3 Difference in working space index
Figure 6 shows the improvement on working space index provided by S5 as a function of me and k3.
The architecture S6 is not presented since it worsens the working space index.

Figure 6: Difference in working space index between S5 and S1

4 Comparison of suspension architectures
The increased unsprung mass (m1=38 kg) of IWM electric vehicle compared to the conventional vehicle
(m1=23 kg) deteriorates the suspension performance in all the three performance indices as in Tab. 2.
Especially, the road holding index is worsened by 26.9%. The maximum possible benefits offered by the
considered suspension architectures on road holding index is also presented here. Based on the results,
one can understand that the possible benefits from inerter and relaxation spring are limited if the other
design parameters are not varied. Hence, it is necessary to consider the k2 and r2 as design variables in
the optimisation as in [12].
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Table 2: Influence of inerter and relaxation spring on the suspension performance. The vehicle parameters and
fixed values k2 and r2 are given in Tab. 1. The negative sign represents the improvement on performance index.
The positive sign shows the deterioration on performance index.

k3 (N/m) me (kg)
σ2
ẍ2,Si−σ

2
ẍ2,S1

σ2
ẍ2,S1

σ2
Fz,Si−σ

2
Fz,S1

σ2
Fz,S1

σ2
x2−x1,Si−σ

2
x2−x1,S1

σ2
x2−x1,S1

S1 without IWM - - -1.2% -26.9% -6.3%
S1 with IWM - - 1 1 1
S2 with IWM 325785 - 11.6% -8.5% 2.1%
S4 with IWM - 197 -7.0% +1.4% +9.3%
S5 with IWM 21660 219 +7.3% -3.3% -32.1%
S6 with IWM 286693 428 +4.6% -9.2% +11.1%

5 Conclusions
For the electric vehicles driven by in-wheel motors (IWM), the weight of unsprung mass is higher than
in conventional vehicles. In order to mitigate the drawbacks of increased unsprung mass, five suspen-
sion architectures with inerter and/or relaxation springs are taken into account to improve the dynamic
behaviours of conventional spring-damper suspension. The performance indices, namely, discomfort in-
dex, road holding index, working space index of each suspension architectures are derived analytically
and compared individually with the conventional suspension S1 of the vehicle having IWM. The dif-
ferences in suspension performances are presented in detail. The architectures S2 and S4 can reduce
the variance of dynamic tire load (8.5%) and the variance of vehicle body vertical acceleration (11%),
respectively. The architecture S5 can improve the suspension dynamic behaviours in all the three per-
formance indices (29% on discomfort index, 3% on road holding index, 33% on working space index).
On the other hand, the S6 reduces the variance of vehicle body acceleration (6%) and dynamic tire load
(9%), but increases the variance of working space marginally. However, the improvements offered by
the inerter and relaxation spring are not sufficient to completely mitigate the problems associated with
the increased unsprung mass in IWM electric vehicles. Further improvements on the performance are
possible if the suspension spring and damper are changed.
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Appendix A: Analytical expression of performance indices
The mechanical admittance of each suspension architectures and the detailed derivation of the standard
deviations of ẍ2, Fz , and x2−x1 can be found in [12]. In this paper, the variances of ẍ2, Fz , and x2−x1
are considered as the objective functions. The analytical expressions of the discomfort index, road hold-
ing index, and working space index are given for all the architectures.

Discomfort index

The discomfort index σ2ẍ2,Si
is defined as the variance of the vehicle body vertical acceleration, which

can be expressed as

σ2ẍ2,Si = Abvσ
2
ẍ2,Si (13)

where the term σ2ẍ2,Si
depends on the i-th suspension model in Fig.2.

For the suspension architecture S1,

σ2ẍ2,S1 = a1r2 + a2r
−1
2 (14)

where

a1 =
k1
2m2

2

; a2 =
(m1 +m2)k

2
2

2m2
2

For the suspension architecture S2,

σ2ẍ2,S2 = σ2ẍ2,S1 + (a3k
−1
3 + a4k

−2
3 )r2 (15)

where

a3 =
k1k2
m2

2

; a4 =
k1k

2
2

2m2
2

For the suspension architecture S3,

σ2ẍ2,S3 = a1r2 +

(
a8m

3
e + a7m

2
e + a6me + a5

a10me + a9

)
r−1
2 (16)
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where

a5 = m1m2(m1 +m2)k
2
2

a6 = (m1 +m2)
2k22 − 2m1m2k1k2

a7 = −2k1(m1 +m2)k2 +m2k
2
1

a8 = k21
a9 = 2m3

2m1

a10 = 2(m1 +m2)m
2
2

For the suspension architecture S4,

σ2ẍ2,S4 = (a1 + a11m
−1
e + a12m

−2
e )r2 + a2r

−1
2 (17)

where

a11 = −(m1 +m2)k2
m2

2

; a12 =
(m1 +m2)

2k22 + k1m
2
2k2

2m2
2k1

For the suspension architecture S5,

σ2ẍ2,S5 = σ2ẍ2,S1 + (a11m
−1
e + a12m

−2
e )r2 (18)

+
(
(a13 + a14m

−1
e + a15m

−2
e )k23 − (a11 + 2a12m

−1
e )k3

)
r−1
2

where

a13 =
(m1 +m2)

m2
2

a14 = −2(m1 +m2)
2k2 +m2

2k1
2m2

2k1

a15 =
(m1 +m2)

3k22 + 2m2
2(m1 +m2)k1k2 +m3

2k
2
1

2(m2k1)2

For the suspension architecture S6,

σ2ẍ2,S6 = σ2ẍ2,S2 + (a11m
−1
e + a12m

−2
e − 2a2m

−1
e k−1

3 )r2 (19)

Road holding index

The road holding index σ2Fz ,Si
is defined as the variance of dynamic tire load, which can be expressed as

σ2Fz ,Si = Abvσ
2
Fz ,Si (20)

where the term σ2Fz ,Si
depends on the i-th suspension model in Fig.2.

For the suspension architecture S1,

σ2Fz ,S1 = b1r2 + b2r
−1
2 (21)

where

b1 =
(m1 +m2)

2k1
2m2

2

b2 =
(m1 +m2)

3k22 − 2m1m2(m1 +m2)k1k2 +m1(m2k1)
2

2m2
2
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For the suspension architecture S2,

σ2Fz ,S2 = σ2Fz ,S1 + (b3k
−1
3 + b4k

−2
3 )r2 (22)

where

b3 =
2(m1 +m2)

2k1k2 −m2(m2 + 2m1)k
2
1

2m2
2

b4 =
(m1 +m2)

2k1k
2
2 −m2(m2 + 2m1)k

2
1k2 +m2

2k
3
1

2m2
2

For the suspension architecture S3,

σ2Fz ,S3 = b1r2 + (b2 − b3me + b5m
2
e)r

−
2 1 (23)

where

b5 =
(m1 +m2)k

2
1

2m2
2

For the suspension architecture S4,

σ2Fz ,S4 = (b1 + b6m
−1
e + b7m

−2
e )r2 + b2r

−1
2 (24)

where

b6 =
−(m1 +m2)

3k2 +m1m2(m1 +m2)k1
m2

2

b7 =
(m1 +m2)

4k22 + (m1 +m2)
2(m2 − 2m1)m2k1k2 + (m1m2k1)

2

2m2
2k1

For the suspension architecture S5,

σ2Fz ,S5 = σ2Fz ,S1 + (b6m
−1
e + b7m

−2
e )r2 + ((b8 + b9m

−1
e + b10m

−2
e )k23 − (b6 + 2b7m

−1
e )k3)r

−1
2

(25)

where

b8 =
(m1 +m2)

3

2m2
2

b9 =
−(m1 +m2)

4k2 +m2(m1 +m2)
2(2m1 −m2)k1

2m2
2k1

b10 =
m1 +m2

2m2
2k

2
1

((m1 +m2)
4k2 + 2m2(m1 +m2)

2(m2 −m1)k1k2

+(m2
1 −m1m2 +m2

2)(m2k1)
2)

For the suspension architecture S6,

σ2Fz ,S6 = σ2Fz ,S2 + (b6m
−1
e + b7m

−2
e − 2b2m

−1
e k−1

3 )r2 (26)

Working space index

The working space index σ2x2−x1,Si
is defined as the variance of the relative displacement between wheel

and vehicle body, which can be expressed as
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σ2x2−x1,Si = Abvσ
2
x2−x1,Si (27)

where the term σ2x2−x1,Si
depends on the i-th suspension model in Fig.2.

For the suspension architecture S1,

σ2x2−x1,S1 = c1r
−1
2 (28)

where For the suspension architecture S2,

σ2x2−x1,S2 = σ2x2−x1,S1 + c2k
−2
3 r2 (29)

where

c1 =
m1 +m2

2
; c2 =

k1
2

For the suspension architecture S3,

σ2x2−x1,S3 = (m1 +m2)/(2r2) (30)

For the suspension architecture S4,

σ2x2−x1,S4 = c3m
−2
e r2 + c2r

−1
2 (31)

where

c3 =
(m1 +m2)

2

2k1
+
m2

2

2k2

For the suspension architecture S5,

σ2x2−x1,S5 =
N1

2D
+
N2

D
(32)

where
D =r2(−k1k22k23D1 + k3(k

3
1k2m

2
2m

4
e +m3

eD2 +m2
eD3) + k31k

2
2m

2
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3
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2
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2
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2
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3
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3
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3
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2
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2
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2
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2
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2
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2
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2
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2
2r

2
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2
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2
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2
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2
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2
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2
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2
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2
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2
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3
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2
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3
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2
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2
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2
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2
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For the suspension architecture S6,

σ2x2−x1,S6 = σ2x2−x1,S2 + (c7m
−2
e − 2c2m

−1
e k−1

3 )r2 (33)
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